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Abstract
The finite gauge transformation, in the submanifold of su(3) introduced
in hep-th/9902027, is found to be linear in the gauge functions ωa’s. In this
manner, a parameterization of SU(3) in terms of a single real octet vector
ωa is achieved. Under this finite transformation, those gauge fields satisfying
Dabµ ω
b = 0, remain unchanged. A geometric meaning to the submanifold in
terms of subgroup of rotations in E8 is presented.
In a recent paper [1], dealing with the infrared region of QCD and con-
finement, SU(3) gauge field configurations appropriate to the infrared region
of QCD have been proposed. These configurations, motivated by the works
of ’tHooft [2] and Mandelstam [3] on the crucial roles of monopole configu-
rations in confinement, are defined by
Dabµ ω
b = ∂µω
a + facb Acµ ω
b = 0, (1)
where, the eight components ωa of an eight dimensional vector are chosen to
satisfy
ωaωa = 1,
dabc ωb ωc =
1√
3
ωa. (2)
Now, the manifold relevant to the infrared region of QCD is ⁀not the complete
su(3) manifold spanned by arbitrary ωa’s, but a submanifold spanned by
those ωa’s satisfying (2) and the relevant gauge field configuration Aaµ are
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determined by solving (1). In [1], a solution Aaµ satisfying (1) and (2) has
been found to be
Aaµ = Cµω
a − 4
3
fabcωb ∂µω
c, (3)
where Cµ is an arbitrary vector field. Further it has been shown that
such configurations when used in the usual QCD action contains magnetic
monopole configurations necessary for confinement and confinement has been
realized as in the London theory of Meissner effect, along the lines suggested
by Nambu [4]. It has been stated in [1] that in view of (1), a mass term
m2 Aaµ A
a
µ for the gauge field A
a
µ (satisfying (1)) can be added without vi-
olating gauge symmetry, as a gauge variation of this term 2m2(δAaµ) A
a
µ =
2m2 Dabµ ω
b Aaµ identically vanishes in view of (1), as long as we are working
in the submanifold defined by (2).
The purpose of this short note is to show this result of infinitesimal vari-
ation holdsgood for finite gauge transformations as well. The finite gauge
transformations here become linear in ωa’s. The second relation in (2) upon
using the first relation becomes dabcω
aωbωc = 1√
3
. It is known [5,6] that
ωaωa and dabcω
aωbωc are the only two SU(3) invariants. The submanifold
is thus one in which these invariants are taken as constants unity and 1√
3
respectively.
Consider a gauge transformation generated by
U = exp
(
iωa
λa
2
)
, (4)
for ω’s satisfying (2) and λa’s are the Gell-Mann SU(3) matrices. We shall
make use of the basic relation for the λ- matrices, viz.,
λaλb = if
abcλc +
2
3
δab + dabcλc, (5)
where fabc and dabc are the usual anti-symmetric and symmetric SU(3) ten-
sors respectively. Expanding the exponential (4), we have
U = 1 + iωa
λa
2
− 1
2!
1
4
(ωaλa)
2
− i
3!
1
8
(ωaλa)
3 +
1
4!
1
16
(ωaλa)
4 + · · · .
2
Using (5), it follows
(ωaλa)
2 =
2
3
+
1√
3
ωaλa,
(ωaλa)
3 =
2
3
√
3
+ ωaλa,
(ωaλa)
4 =
2
3
+
5
3
√
3
ωaλa,
(ωaλa)
5 =
10
9
√
3
+
11
9
ωaλa,
and so on. Substituting these in U , we have,
U = (1− 1
2!
1
6
− i
3!
1
12
√
3
+
1
4!
5
144
√
3
+ · · ·)
+ (
i
2
− 1
2!
1
4
√
3
− i
3!
1
8
+
1
4!
5
48
√
3
+ · · ·) ωaλa
= α + β ωaλa, (6)
where α and β are (finite) complex constants. U−1 can be easily found to be
α∗ + β∗ωaλa (where
∗ stands for complex conjugation) and so UU−1 = I,
gives the conditions,
αα∗ +
2
3
ββ∗ = 1,
α β∗ + β α∗ +
1√
3
β β∗ = 0. (7)
Thus, the finite gauge transformation U becomes linear in ω. This is a
special feature of the submanifold defined by (2). Thus a parameterization
of SU(3) in terms of a single real octet vector ωa is achieved by (6). It has
been shown by Macfarlane, Sudbery and Weisz [5] that any special unitary
matrix U written as exp(iA) with A hermitian and A = ωaλa, can be
written as U = u0 + iuaλa, where ua = aωa + bdabcω
bωc, with u0, a, b as
functions of the two SU(3) invariants, ωaωa and dabcω
aωbωc. In our choice,
these invariants are taken as constants 1 and 1√
3
and this gives (6) for U . We
will relate this U to the rotation matrix of a subgroup of rotations in eight
dimensional Euclidean space E8 at the end.
3
Under a finite gauge transformation, the gauge field Aµ = A
a
µ
λa
2
trans-
forms as
Aµ → AUµ =
1
i
(∂µU)U
−1 + U Aµ U
−1. (8)
To check the notation and the factors, we find the infinitesimal version of (8)
is
δAaµ = D
ac
µ ω
c, (9)
as it should be. In view (1), δAaµ = 0 and we want to show that for finite
gauge transformations (6) with (7),
AUµ = Aµ, (10)
for those Aaµ’s satisfying (1).
We shall make use of the standard relations among f and d tensors [5],
viz.,
f iℓmdmjk + f jℓmdimk + fklmdijm = 0, (11)
and
f ijmfkℓm =
2
3
(δikδjℓ − δiℓδjk) + dikmdjℓm − djkmdiℓm. (12)
Starting from (6), we have
(∂µU)U
−1 = β(∂µω
a)λa(α
∗ + β∗ωbλb)
= βα∗(∂µω
a)λa + iββ
∗(∂µω
a)ωbfabcλc
+ ββ∗(∂µω
a)ωbdabcλc, (13)
where (∂µω
a)ωa = 0, following from the first relation in (2) is used. Also,
the second relation in (2) gives
dabc(∂µω
b)ωc =
1
2
√
3
(∂µω
a), (14)
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and so
(∂µU)U
−1 = (βα∗ +
1
2
√
3
ββ∗)(∂µω
a)λa + iββ
∗(∂µω
a)ωbfabcλc. (15)
We are interested in the transformation of the Aaµ’s satisfying (1) and so
using (1) in (15), we have
(∂µU)U
−1 = (βα∗ +
1
2
√
3
ββ∗)fabcωbAcµλa
+ iββ∗(fapqωpAqµ)ω
bfabcλc. (16)
Using (13) for simplifying fapqfabc, (16) becomes
(∂µU)U
−1 = (βα∗ +
1
2
√
3
ββ∗)fabcωbAcµλa
+ iββ∗{2
3
Aaµλa −
2
3
ωbωcAbµλc +
1√
3
ωa dqcaAqµλc
− dqbadpcaωpωbAqµλc}, (17)
where the relations in (2) have been used.
Now, we consider the evaluation of UAµU
−1 using (6).
UAµU
−1 = (α + βωaλa) A
b
µ
λb
2
(α∗ + β∗ωcλc),
=
1
2
(α + βωaλa) {α∗λb + iβ∗f bcd ωcλd + 2
3
β∗ωb
+ β∗dbcd ωcλd}Abµ, (18)
using (5). Expanding further and using (5), we have
UAµU
−1 =
1
2
{αα∗λb + iαβ∗f bcdωcλd + 2
3
αβ∗ωb
+ αβ∗dbcdωcλd + βα
∗ωa(ifabcλc +
2
3
δab + d
abcλc)
+ iββ∗f bcdωcωa(ifadeλe +
2
3
δad + d
adeλe)
+
2
3
ββ∗ ωaωbλa
+ ββ∗dbcdωaωc(ifadeλe +
2
3
δad + d
adeλe)}Abµ. (19)
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In here there are fourteen terms. The sixth term and the third term are
like-terms; the seventh and the fourth are like-terms, and the fifth and the
second are like-terms. The nineth term vanishes identically. In the thirteenth
term, the second relation in (2) is used. Then we find,
UAµU
−1 =
1
2
{αα∗λb + i(αβ∗ − βα∗)f bcdωcλd + 2
3
(αβ∗ + βα∗)ωb
+ (αβ∗ + βα∗)dbcdωcλd
+ iββ∗(ifadef bcdωaωcλe + f
bcddadeωcωaλe)
+
2
3
ββ∗ωaωbλa
+ ββ∗(ifadedbcdωaωcλe +
2
3
√
3
ωb + dbcddadeωaωcλe)}Abµ. (20)
Now, the coefficient of ωb terms in (20) is 2
3
(αβ∗ + βα∗ + 1√
3
ββ∗), which
is zero due to the second relation in (7). Using the relation (12) to rewrite
the eighth term fadedbcd as −f baddedc − f caddebd, the term involving f cad
vanishes due to the symmetry of ωaωc in a and c. Then the remaining of the
eighth term cancells with the sixth term in (20). In the fifth term involving
fadef bcd, we make use of (13). Then (20) becomes,
UAµU
−1 =
1
2
{αα∗λb + i(αβ∗ − βα∗)f bcdωcλd + (αβ∗ + βα∗)dbcdωcλd
− ββ∗(2
3
λb − 2
3
ωbωcλc +
debd√
3
ωdλe − dabddecdωaωcλe)
+
2
3
ββ∗ωaωbλa + ββ
∗dbcddadeωaωcλe}Abµ. (21)
Here, the two terms involving the two d-tensors are the same and so,
UAµU
−1 =
1
2
{αα∗λb + i(αβ∗ − βα∗)f bcdωcλd + (αβ∗ + βα∗)dbcdωcλd
− 2
3
ββ∗λb +
4
3
ββ∗ωaωbλa − ββ∗ 1√
3
debdωdλe
+ 2ββ∗dabddecdωaωcλe} Abµ. (22)
From (17) and (22), we have,
1
i
(∂µU)U
−1 + UAµU
−1 = −i(βα∗ + 1
2
√
3
ββ∗)fabcωbλaA
c
µ
6
+ ββ∗{2
3
Aaµλa −
2
3
ωbωcAbµλc
+
1√
3
dqcaωaAqµλc − dqbadpcaωpωbAqµλc}
+
1
2
{αα∗λb + i(αβ∗ − βα∗)f bcdωcλd
+ (αβ∗ + βα∗)dbcdωcλd − 2
3
ββ∗λb +
4
3
ββ∗ωaωbλa
− ββ
∗
√
3
debdωdλe + 2ββ
∗dabddecdωaωcλe}Abµ. (23)
Now, consider the terms involving two d-tensors. They are,
(−dqbadpcaωpωbAqµλc + dabddecdωaωcAbµλc).
By changing the summation indices in the second term above, viz., b →
q, a → b, c → p, e → c in that order, the two terms cancell each other.
Then, the terms involving one d-tensor are,
ββ∗dqcaωaAqµλc +
1
2
(αβ∗ + βα∗)dbcdωcλdA
b
µ −
ββ∗
2
√
3
debdωdλeA
b
µ.
By rearranging the indices, this becomes,
1
2
(αβ∗ + βα∗ +
1√
3
ββ∗)dqcaωaAqµλc,
which vanishes due to the second relation in (7). Now, consider the terms
involving one f -tensor. They are,
− i(βα∗ + ββ
∗
2
√
3
)fabcωbAcµλa +
i
2
(αβ∗ − βα∗)f bcdωcλdAbµ.
In the second term, make b↔ c, d→ a so that the above expression becomes,
− i
2
(αβ∗ + βα∗ +
1√
3
ββ∗)fabcωbAcµλa,
which vanishes due to the second relation in (7). Finally, the terms involving
two ω’s in (23) cancell each other, leaving
1
i
(∂µU)U
−1 + UAµU
−1 =
1
2
(αα∗ +
2
3
ββ∗)Aaµλa =
1
2
Aaµλa,
= Aµ, (24)
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using the first relation in (7).
Thus when U = exp{iωa λa
2
} finite transformation is considered, U
becomes α+ βωaλa, linear in ω
a in view of (2), with α and β satisfying (7).
This finite transformation leaves Aµ invariant, for those A
a
µ’s satisfying (1).
Therefore, within the submanifold defined by (2), the gauge fields satisfying
(1) can have a mass term, even for finite transformations.
It will be useful to consider the converse of this result. In order to this,
we ask the question: What will be the gauge field configurations that remain
unchanged under finite gauge transformations? Since under a finite gauge
transformation U , Aµ transforms as,
Aµ → AUµ =
1
i
(∂µU)U
−1 + UAµU
−1,
the answer is given by
Aµ =
1
i
(∂µU)U
−1 + UAµU
−1.
By right multiplying the above expression by U , we have
1
i
∂µU + [U,Aµ] = 0, (25)
whose infinitesimal version is (1). This means that for those Aµ’s and U
satisfying (25), the mass term remain invariant. In order to give explicit
expressions for Aaµ and U , the transformation U is chosen by those ω’s sat-
isfying (2). Then (6) gives the required U . The choice of ω’s satisfying (2)
and Aaµ in (3) determined by (1), produce magnetic monopole configurations
in the QCD action [1].
It is known that the tensor indices taking eight values in d and f are
tensor indices associated with the adjoint group SU(3)/Z(3) of SU(3). The
tensors d and f associated with SU(3)/Z(3), are cartesian tensors in eight
real dimensions [6]. Given a single octet vector {ωa } and the tensors d and f ,
it is known that at most two linearly independent octets can be formed. They
are ωa itself and dabcω
bωc. Then at most two independent SU(3) invariants
8
can be formed, which are taken as,
ωaωa,
dabcω
aωbωc. (26)
A geometric meaning can be given to the invariants. If we associate a 3× 3
matrix A with ωa as A = ωa λa, where λ
a’s are the Gell-Mann matrices,
then Tr(A2) and det(A) give the above two invariants. In our choice made
in (2), we have taken the two invariants as constants.
A study of the relationship of the adjoint group SU(3)/Z(3) to the sub-
group of rotation group R8 which leaves invariant the length ωaωa of the
real eight component vector ωa and the cubic invariant dabcω
aωbωc has been
made by Macfarlane [6]. Here we will give the main results for our choice (2).
The eight components ωa can be taken to describe a point of E8. Rotations
in E8 are real linear transformations
ωa → ω′a = Rabωb. (27)
Invariance of the length leads to RRT = I. We take det(R) = 1. To relate
SU(3) to a subgroup of R8, the group of rotations in E8, associate with each
point in E8, a 3× 3 traceless hermitian matrix A
A = ωaλa, (28)
an element of the algebra of SU(3). Transformations of E8 induced by
U ∈ SU(3) tansformation
A → A′ = UAU−1, (29)
can be shown to give [6]
Rab =
1
2
Tr{λa U λb U−1}. (30)
For U in (6) and using the relations in (7), we find explicitly,
Rab = (1− ββ∗)δab + 2ββ∗ωaωb −
√
3β|beta∗dabcωc
+ ifabcωc (αβ
∗ − βα∗). (31)
9
It is verified that RabRac = δbc, i.e., the transformation is orthogonal. It is
seen that Rabωb = ωa. Thus the rotation leaves ω
aωa invariant. It is seen
that the invariance of dabcω
aωbωc is verified by showing dabcRapRbqRcr =
dpqr.
I am extremely thankful to Biswajit Chakraborty, Ramesh Anishetty and
H.Sharatchandra for discussions.
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